In the paper, the author finds an explicit formula for computing Bell numbers in terms of Kummer confluent hypergeometric functions and Stirling numbers of the second kind.
Introduction
In combinatorics, Bell numbers, usually denoted by B n for n ∈ {0} ∪ N, count the number of ways a set with n elements can be partitioned into disjoint and non-empty subsets. These numbers have been studied by mathematicians since the 19th century, and their roots go back to medieval Japan, but they are named after Eric Temple Bell, who wrote about them in the 1930s. Every Bell number B n may be generated by
or, equivalently, by
In combinatorics, Stirling numbers arise in a variety of combinatorics problems. They are introduced in the eighteen century by James Stirling. There are two kinds of Stirling numbers: Stirling numbers of the first kind and Stirling numbers of the second kind. Every Stirling number of the second kind, usually denoted by S(n, k), is the number of ways of partitioning a set of n elements into k nonempty subsets, may be computed by
and may be generated by
In the theory of special functions, the hypergeometric functions are denoted and defined by
for b i / ∈ {0, −1, −2, . . . } and p, q ∈ N, where (a) 0 = 1 and (a) n = a(a + 1) · · · (a + n − 1) for n ∈ N and any complex number a is called the rising factorial. Specially, the series
is called Kummer confluent hypergeometric function. In combinatorics or number theory, it is common knowledge that Bell numbers B n may be computed in terms of Stirling numbers of the second kind S(n, k) by
In this paper, we will find a new explicit formula for computing Bell numbers B n in terms of Kummer confluent hypergeometric functions 1 F 1 (k + 1; 2; 1) and Stirling numbers of the second kind S(n, k) as follows. Theorem 1. For n ∈ N, Bell numbers B n may be expressed as 
for k ∈ {0} ∪ N and z = 0 has the integral representation
See also [3, Section 1.2] and [4, Lemma 2.1]. When k = 0, the integral representation (10) becomes
where I ν (z) stands for the modified Bessel function of the first kind
for ν ∈ R and z ∈ C, see [1, p. 375, 9.6.10], and Γ represents the classical Euler gamma function which may be defined by
see [1, p. 255] . Replacing z by e x in (11) gives
Differentiating n ≥ 1 times with respect to x on both sides of (14) and (2) gives
and
From (15) and (16), it follows that
Taking x → 0 in the above equation yields
In combinatorics, Bell polynomials of the second kind, or say, the partial Bell polynomials, B n,k (x 1 , x 2 , . . . , x n−k+1 ) are defined by
for n ≥ k ≥ 1, see [2, p. 134, Theorem A], and satisfy
see [2, p. 135] , where a and b are any complex numbers. The well-known Faà di Bruno formula may be described in terms of Bell polynomials of the second kind B n,k (x 1 , x 2 , . . . , x n−k+1 ) by (−1) n−k S(n, k)k! 1 F 1 (k + 1; 2; 1).
The required proof is complete.
